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Abstract. We prove that a Riemannian product of type M" x R admits to- 
tally umbilical liypersurfaces if and only if M" has locally the structure of a 
warped product and we give a complete description of the totally umbilical 
hypersurfaces in this case. Moreover, we give a necessary and sufficient con- 
dition under which a Riemannian three-manifold carrying a unit Killing field 
admits totally geodesic surfaces and we study local and global properties of 
three-manifolds satisfying this condition. 



1. Introduction 

The starting point of the research leading to this paper was the classification 
of totally umbilical surfaces in three-dimensional homogeneous spaces with a four- 
dimensional isometry group, which can be found in and |12j . As is well-known, 
these three-spaces admit Riemannian submersions onto surfaces of constant Gauss- 
ian curvature and the unit vector field tangent to the fibers is Killing. It turns out 
that such a space admits totally umbilical surfaces if and only if it is a Riemannian 
product of the base surface and the fibers, i.e., if and only if its universal covering 
is either §^(k) x R or IHI^(k) x R. Moreover, the obtained classification of totally 
umbilical surfaces was extended to a classification of totally umbilical hypersurfaces 
of the conformally flat symmetric manifolds S"(k) x R and M"{k) x M in [T3] and 

E- 

Two questions for further generalizations come up naturally now. 

(1) When does a Riemannian product of type M" x R admit totally umbilical 
hypersurfaces and what are they? 

(2) When does a Riemannian three-space with a unit Killing field admit totally 
umbilical surfaces and what are they? 

In this paper, we give a complete answer to the first question. Our Theorem 
[T] states that a necessary and sufficient condition for M" x R to admit totally 
umbilical hypersurfaces is that M" itself has (locally) the structure of a warped 
product. Moreover, we give a full description of all totally umbilical hypersurfaces 
of such a manifold and we remark that our results are still valid if we start with a 
warped product instead of with a Riemannian product as ambient space. 

For the second question we give a partial answer. We find a necessary and suf- 
ficient condition for a three-manifold with a unit Killing field to admit totally 
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geodesic surfaces. Remark that it is not necessary that the three-manifold reduces 
to a Riemannian product, a fact which is aheady iUustrated by the standard three- 
sphere. We describe the totahy geodesic surfaces and we study the local and global 
properties of three-spaces satisfying our condition. 

We are grateful to Eric Toubiana for valuable remarks on a first version of this 
work. 

2. Preliminaries 

Let {M^,g) (M"+^,^) be an isometric immersion between Riemannian man- 
ifolds. If A'^ is a unit normal vector field along the immersion and V and V arc the 
Levi-Civita connections of {M"-,g) and (M"+^,5), then the second fundamental 
form h and the shape operator S associated to N are defined by the formulas of 
Gauss and Weingarten: for any vector fields X, Y on M" one has 

VxY = WxY + h{X,Y)N, SX = -VxN. 

It is easy to check that 5 is a symmetric (1, l)-tcnsor field on M", which is r(4atod 
to h by h{X,Y) = g{SX,Y). We call the immersion totally umbilical if 5* is a 
multiple of the identity at every point and we call it totally geodesic if 5 vanishes 
identically. 

In our results, some special types of vector fields on Riemannian manifolds will 
occur. Let {M,g) be a Riemannian manifold and let ^ be a vector field on M. 
Then ^ is said to be Killing if and only if C^g = 0, where; C is the Lie derivative. 
This condition means that the flow of ^ consists of isometrics, and in terms of the 
Levi-Civita connection V one can reformulate it as 

5(Vx?,i^)+5(Vy^,^) = 

for all p e M and X,Y e TpM. 

More generally, ^ is said to be conformal if and only if C^^g = 2<pg for some 
function cj). This means that the flow of ^ consists of conformal maps. 

Finally, we say that ^ is closed conformal if and only if it is conformal and its 
dual one-form is closed. It can be checked by a straightforward computation that ^ 
is closed conformal if and only if 

Vx? = <I>X, 

for all p e M and all X e TpM, where ^ is as above. 

In all what follows the manifolds will be assumed of class C°°. 

3. Totally umbilical hypersurfaces of manifolds of type M" x / 

Denote by M" x I the Riemannian product of a Riemannian manifold (M", gM") 
and an open interval / of the Euclidean line and let tt : M" x J — >■ M" be the 
canonical projection. We shall denote by ^ a unit vector field on M" x I, tangent 
to the fibres of tt. Remark that C is a unit Killing field. 

There are two natural families of examples of totally geodesic hypersurfaces of 
M" x I, namely the slices M" x {to}, to S / and the inverse images under tt of 
totally geodesic hypersurfaces of M", if they exist. We arc thus interested in totally 
umbilical hypersurfaces which are at some point neither orthogonal nor tangent to 
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If S is a hypersurfacc of M" x / with unit normal N, one can define a vector field 
T and a real-valued function on E by the following orthogonal decomposition of 

(1) ^^T + i^N. 
Then T and v satisfy the following equations. 

Lemma 1. Let be a hypersurface in M" x / and denote by V the Levi-Civita 
connection of E. by S the shape operator of the immersion and by h the second 
fundamental form. Then for any vector X tangent to S; 

VxT = i^SX, X{u) ^ ~h{X,T). 

Proof. Denote by V the Levi-Civita connection of M" x /. Since ^ is a parallel vector 
field on M" x /, one has V xS, — 0. Now let X be tangent to E. By the definitions 
of T and u and by using the formulas of Gauss and Weingarten, it follows that 

= Vxi. = Vx{T + vN) = V xT + h{X,T)N + X{u)N ~ uSX. 

The result follows by considering the tangent, resp. normal, component of the above 
equation. □ 

If S is totally umbilical in M" x /, say 5 = Aid, then T is a closed conformal 
field on E. Indeed, in this case it follows from Lemma [1] above that V xT = v\X 
for all vector fields X tangent to E. We shall now prove that if S is non- vertical and 
non-horizontal at some point p, we can use T to construct a local non-vanishing 
conformal field on M". 

Proposition 1. Let be a totally umbilical hypersurface o/M" x/, which is neither 
vertical nor horizontal at some point. Then the canonical projection tt : M" x / — > 
M" is locally a diffeomorphism between an open neighborhood U of this point in S 
and the open subset nU o/M". Let T be as above and denote by Tq be the projection 
ofT to ttU , rescaled such that it has the same length as T again. Then Tq is a closed 
conformal field on ttU . 

Proof. Let E be a totally umbilical hypersurface of M" x /. Let N, T and ly be 
as above and assume that the shape operator associated to iV is 5* = A id. Suppose 
S is non- vertical and non- horizontal at some point, then it is clear that there is 
an open neighborhood U of this point in S where does not vanish and such that 
TT is a local diffeomorphism between U and its image nU in M". First, extend the 
vector fields T, N and the functions i^, A to the whole of ttU x / by using the 
one-parameter group of translations corresponding to the Killing field ^ and denote 
these again by T, N , v and A. Since v and A are constant on fibres of tt, one can 
also view them as functions on -kU . Using these notations, the vector field Tq on 
-kU is 

liTll 1 
||(d7r)(T)|| V 

and its horizontal lift to ttL/ x / is 

~ - \ \ 
T^ = vi-N = i + -T. 

V V 

Remark that Tq is, up to the sign, the projection of N to ttC/. 

Now let X be a vector field on -kV and denote by X its horizontal lift. Then 

(2) VrTo = (rf7r)(V^5L) - (d7r)(V^K - ^)) = -(d^)(V^iV) 
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Let y be a local vector field on E such that {dTT){Y) = X. Denote the extension to 
ttU X /, using the flow of ^, again by Y. Then X = Y — {¥, and 

(3) ^ VY-{Y,OiN = VyiV- {Y,^)V^N = ~XY. 

Here we used that iV] = implies V^iV = Vat^ = 0. From ^ and ([3]), we obtain 
V^"ro — AX, which proves that Tq is indeed closed conformal. □ 

The fact that M" admits a local closed conformal field, determines locally its 
Riemannian structure, as shown by the following known result (see [SI [S] and the 
references therein). 

Proposition 2. Let V be a local closed conformal field without zeros on a Rie- 
mannian manifold M", say V = fX for some non-vanishing function f and 
for all vector fields X on M" . Then M" has locally the structure of a warped prod- 
uct of an interval of the Euclidean line with some (n — 1)- dimensional Riemannian 
manifold. 

Proof. One can check that the distribution orthogonal to V is integrable and hence 
one can find a local coordinate system {xi, . . . , Xn) on M" such that dxi = V and 
is orthogonal to d^^ for j > 2. With respect to these coordinates, the metric on 
M" takes the form 

n 

g = gii{xi, . . .,Xn)dxl + ^ gij{xi, . . .,x„)dx^dxj. 

It follows from a straightforward computation that dx^gii = for j > 2 and that 
dxi9ij ~ 2/5jj for > 2. Hence, one has 

ff = 511(2:1 )c'2:i + exp f 2 fdxij ^ Cij{x2, . . . ,Xn)dx,dxj. 

To conclude, we prove that dx^f — for j > 2, such that, after a change of the 
xi-coordinate, the metric above is indeed a warped product metric. To see this, let 
R be the curvature tensor of M" , then 

= {{dx^f)dx, - idxj)dx^,dx,) = -{dxj)gii- 

□ 

Remark 1. The converse to Proposition[2]is also true. In a warped product /x fM = 
{I X M, dt^ + f{t)'^9M), the field f{t)dt is closed conformal and vanishes nowhere. 

We can now prove our main result in this section. 

Theorem 1. A Riemannian product space M" x / admits a totally umbilical hy- 
persurface S, which is neither vertical nor horizontal at some point {p,t) G M" x /, 
if and only i/M" has in a neighborhood of p the structure of a warped product of an 
interval of the Euclidean line with some (n— I) -dimensional Riemannian manifold. 

In particular, when n = 2, there exists a totally umbilical surface in x /, 
which is neither vertical nor horizontal at some point (p, t) G x /, if and only 
if admits a non zero Killing field in a neighborhood of p. Moreover any such 
surface is invariant by a local one-parameter group of local isometrics of x / 
keeping the factor I pointwise fixed. 
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Proof. It follows from Propositions [T] and [2] above that M" having the strueture of 
a warped product in a neighborhood of p is a necessary condition for M" x / to 
admit a totally umbilical hypersurface which is non-vertical and non-horizontal at 

We shall now prove that this condition is also sufficient. Assume that M" = 
J Xy Af"~^, i.e., that the metric on M" can be written as 

ffM" = dxl + /(a;i)^5M"-i(a;2, ■ • ■ ,a;„). 

Then the metric on M" x / can be written as 

g = dxl + dxf + f{xifgM^-^{x2, ■ ■ ■ 

We know from above that a non-vertical and non-horizontal totally umbilical 
hypersurface E of M" x / should be tangent to the distribution orthogonal to the 
vector fields dxo and dxi at any of its points. This means that E is generated by a 
curve in the (xq, xi)-plane, say a{s) = {xq{s), xi{s)). Assume that a is parametrized 
by arc length, then there exists a function 9 such that 

Xq{s) — sin0(s), x[{s) — cos9{s). 

In this case, the tangent space to E is spanned by Xi = s'm9{s)dxo + cos 9{s)dxi, 
X2 — dx2, ■ ■ ■ ,Xn — dx„ and a unit normal to E is given by iV = cos9{s)dxf, — 
sm9{s)dxi. 

One can compute the Levi-Civita connection V of M" x / from the metric above 
to verify 

f 

for every j > 2. Hence, E is totally umbilical if and only if 

9'{s)=sm9{s)^. 

One can now use this equation to determine the functions xq(s) and xi{s). 
Indeed, we have 

x'({s) = ^sin9{s)9'{s) = -sin^0(.)§^ = -(1 - (.)^):^(^, 
which yields after a first integration 



Vx^N = -9'{s)Xi, \7x,N =^sm9is)^Xj 



x[is)^±^l-c^fix,{s)r 

for some real constant c. This ODE for Xi{s) is, at least locally, always solvable. 
The function xo{s) is then determined by 

xois) ^ y y^l - x[{s)'^ ds = J cf{xi{s))ds. 

Thus there does always exist a non-vertical and non-horizontal totally umbilical 
hypersurface of M" x / if M" is locally isometric to the warped product de- 
scribed above. A parametrization for such a totally umbilical hypersurface E is 
(/?(s,Mi,...,u„^i) = (a;o(s),a;i(s),Mi, . . . ,w„_i). 

In the particular case when n = 2, observe the following general fact that can be 
checked straightforwardly. Let J denote the rotation over 90 degrees of an oriented 
Riemannian surface Af^, which is locally well-defined on any Riemannian surface 
JVP. Then a vector field X on M"^ is closed conformal if and only if JX is Killing. 
Hence, if E is a totally umbilical surface in X /, then JT is a Killing field on 
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S. Moreover, JT is orthogonal to the fibers of tt and {dn){JT) = JTq is a Killing 
field on M^. This implies the result. 

□ 

In particular, from Theorem [TJ we recover the classification of totally umbilic 
surfaces in x R and x M obtained in [11] and [12]. 

Remark 2. Theorem [1] also gives a classification of totally umbilical hypersurfaces 
in Riemannian product spaces of type M" x /. 

Remark 3. As a further particular case, it is interesting to observe that the results 
above provide a new proof for the classification of totally umbilic hypersurfaces in 
the Euclidean space R"+^ since the latter can be viewed (in various ways) as a 
product M" X M. The present proof has the advantage to work assuming only a 
regularity for the hypersurfaces. It can indeed easily be checked that regularity 
for the hypersurfaces is enough in the above results. The standard proof of the 
classification of totally umbilic hypersurfaces in E""*"^ works for hypersurfaces with 
at least regularity. It is known this classification also holds for C^-hypersurfaces 
(see [2 and [lO]). 

Corollary 1. A Riemannian warped product space I x y M" admits a totally umbil- 
ical hypersurface S, which is neither vertical nor horizontal at some point {t,p) £ 
Ix yM", if and only i/M" has in a neighborhood ofp the structure of a warped prod- 
uct of an interval of the Euclidean line with some (n — I) -dimensional Riemannian 
manifold. 

Proof. First observe that a Riemannian warped product space Ix f M" is conformal 
to a Riemannian product J x M", for some open interval J of R. Indeed, with some 
abuse of notation, the metric on / x / M" writes 

g = dt^ + fitfgm^ = f{tf ij^ + 

Choosing a new parameter s = ip{t) — Jj^ and introducing the function h{s) = 
/('0~^(s)), we can write: 

g = h{s)^{ds^ + gw-) 

as desired. 

Now the claim follows from Theorem [Tj and the known fact that totally umbilic 
hypersurfaces are preserved under conformal diffeomorphisms between the ambient 
manifolds. □ 



4. Totally geodesic surfaces in a three-dimensional space 
admitting a unit killing field 

In this section we will characterize locally the Riemannian three-manifolds ad- 
mitting a unit Killing field which possess totally geodesic surfaces. A good reference 
on manifolds admitting a Killing field of constant length is given by [T] . 

We start with a result which is valid in all dimensions. Let M denote a Riemann- 
ian manifold which admits a unit Killing field f . The product manifolds M" x / 
considered in Section [3] are a particular case. Denote by V the Levi-Civita connec- 
tion of M. Let S be a hypersurface in M with unit normal N. Then we can, as in 
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the previous section, define a vector field T and a real- valued function u on S by 
the orthogonal decomposition 

(4) £,=T + vN. 

The following result is a key fact for our purposes: 

Proposition 3. Let Y, he a totally geodesic hypersurface in a Riemannian manifold 
M admitting a unit Killing field ^. Suppose ^ is not tangent to E at some point. 
Then one can extend the vector field T to a neighborhood of this point in M using 
the local flow of S^. If one denotes the resulting vector field again by T, then T is a 
local Killing field on M . 

Proof. Since ^ is transversal to E in a neighborhood of the point, using the local 
flow {<j)t)ti^i of ^ we obtain a foliation T of an open subset of M by the totally 
geodesic hypersurfaces (t)t (S) . In this way we have local extensions of the fields T 
and N and the function v. Denote these extensions again by T, N and v. Note that 
(HI is again valid for these extensions. 

We have to verify that (Vx^, Y) + (X, VyT) = for aU vector fields X and Y. 

First we note that 

(5) T{v) = 0. 

Indeed, since the hypersurfaces (/it(E) are totally geodesic and ^ is a unit Killing 
field, we have 

T{v) = r((C, N)) = (Vre, N) = (VtC, ^(T - 0) = 0. 

Consider now a vector field X which is tangent to the leaves of the foliation T. 
Then 

(6) yxT = Vx^~Xiiy)N. 
Furthermore, 

VatT = Vi(^_j,)r = ^(VtC " VtT). 

Using ^ and JS]) we get 

(7) VjvT = 0. 

Using ^ and ([7]), it is easy to check that T is Killing. □ 

We now particularize to the case where the ambient manifold is three-dimensional. 
Well-known examples of such manifolds are Riemannian products of type x M 
and also the unit three-sphere Berger spheres and the Thurston spaces SL(2, M) 
and Nils. In the next section we will describe more such spaces. We first prove an 
important basic formula. 

Lemma 2. Let be an oriented Riemannian manifold carrying a unit Killing 
field Denote by V the Levi-Civita connection of and by x its cross product. 
Then there exists a real-valued function r on , with ^(t) = 0, such that 

= t{X X 

for all vector fields X on . 
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Proof. It is clear that Vjf^ is perpendicular to ^ and X since ^ is a unit Killing 
field. Because the space is three-dimensional, we obtain that Vx(, = t{X){X ^ 
for some real number t{X). 

Since the mapping TpM^ -)> TpM^ : X ^ VxS. = t{X){X x ^) must be hnear 
for every point p, it is easily seen that r can only depend on the choice of p G 
and not on the choice of X G TpM^. Hence t is a real- valued function on M^. 

To see that this function satisfies ^(r) = 0, let {4't)tei be the local flow of ^ as 
above. Then V(d0,)x(#t)^ = (#t)(VxO) or, equivalently, T{(j)t{p)){{d4>t)X x = 
T{p){{d4>t)X X ^) for every parameter t and for every p G and X G TpM^. We 
conclude that T{(t>i(p)) = t{p) and hence that ^(t) =0. □ 

The first main result in this section is the following. 

Theorem 2. Let M he a Riemannian three-manifold carrying a unit Killing field 
^ and p a point in M. Then 

(1) M admits a totally geodesic surface passing through p which is everywhere 
orthogonal to ^ if and only if M has in a neighborhood of p a Riemannian 
product structure Ex/ of some surface E with an interval I and ^ is tangent 
to the factor I. 

(2) M admits a totally geodesic surface passing through p which is everywhere 
tangent to ^ if and only if there exists a geodesic through p in M on which 
T vanishes and which is orthogonal to ^ at p. 

(3) The following three assertions are equivalent. 

(i) M admits a totally geodesic surface passing through p which is neither 
orthogonal nor tangent to ^ at p. 

(ii) There is in a neighborhood of p in M an orthogonal decomposition 

= Xi -\- X2 of where Xi and X2 are Killing fields without zeros 
that commute. 

(iii) There exist local coordinates {x, y, z) around p in M with = dy + dz, 
such that the metric takes the form 

g = dx^ + sin^ 6{x)dy^ + cos^ 9{x)dz'^. 

Remark 4. Statement (1) is valid in all dimensions. In dimension 3 it is equivalent 
to the vanishing of r in a neighborhood of p. 

Proof. We denote by {(jjtltei the local flow of ^. 

(1) Suppose M admits a totally geodesic surface E, passing through p, which 
is everywhere orthogonal to ^. Restricting E and the interval / if necessary, the 
mapping {x,t) G E x 7 i-> (/>t(a;) G M parametrizes an open subset of M and is 
easily checked to be an isometry between the Riemannian product manifold Ex/ 
and that open set. 

Conversely it is clear that if M has locally a product structure of some surface E 
and an interval / to which ^ is tangent then the surfaces E x {t} are totally geodesic 

and orthogonal to ^ at each point. 

(2) Suppose s G J 7(5) is a geodesic of M parametrized by arc length such 
that 7(fo) = P and (7'(to))0 = fo'" some to & J and t(7(s)) = for all s G J. 
Note first that 7 is everywhere orthogonal to ^. Indeed, for all s G J 
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The mapping {s,t) 0((7(s)) parametrizes a sm'face S in M and r|s = 0. 

We now check that E is totally geodesic. A unit normal field to E is the field 
N{s,t) = ((i0()(7'(s)) X ^. Note that ^ commutes with (d(/)t)(7'(s), so that 

where we used that rjs — 0. Therefore 

v^iv = y^id<j>tW{s)) X e + Wt)(7'(s)) X v^e = 0. 

Since s 0t(7(s)) is a geodesic in M for each t, we have 

V(d0,)(7'(^))^ = ^id4>t){'f'is)){d(t)t){l'is)) + id(j)t){-/' {s)) X V(rf^^)(^.(,))C = 0. 

It follows that S is totally geodesic. 

Conversely, suppose M admits a totally geodesic surface E passing through p 
which is everywhere tangent to As geodesies on E are also geodesies on M, it is 
enough to check that t|e — 0. This is indeed the case: take an arbitrary point q 
of E and a vector X tangent to E and linearly independent of ^. Since E is totally 
geodesic, the vector Vx^ = T{q){X x ^) has to be tangent to E, which is only 
possible if T{q) = 0. 

(3) First, we prove that (i) implies (iii). Let E be totally geodesic in M such that 
^ is not tangent to E at p. Extend T, N, JT = N x T and v to a neighborhood of 
this p in M using the local flow of ^. Using equations ^ and (U), we have: 

VjtT = VjtC - {JT){v)N = t[{JT X - {JT x ^, N)N] = t{JT x vN) ^ tvT, 
Vt^JT = Vt{N xT)^N X Vt(C - i^N) = N X t{T X ^) = tvT. 
It follows that 

[T, JT]^VtJT-VjtT^{), 

[JT,vN]^[JT,S] = Q. 

Hence, we can take local coordinates (x, y, z) on M such that dx = JT, dy = T and 
= vN . With respect to these coordinates, the metric takes the form 

5 = (1 - v'^){dx^ + dy^) + i^2dj;2. 

From dSD one has dyV = T(i/) = and d^v = vN{v) = {£, - T){v) = 0. After a 
change of the x-coordinate, we obtain the form for g given in the theorem. 
To see that (iii) implies (ii), it suffices to take Xi = dy and X2 = dz- 
It remains to prove that (ii) implies (i). Let u be a unit vector field perpendicular 
to Xi and X2- We shall first prove that u commutes with Xi and X2. By using 
that u is perpendicular to Xi and that Xi is Killing, we obtain 

{[Xi,u],Xi) - {Vx,u.X{) - (V„Xi,Xi) 

= -(u,Vxi^i)-(V„Xi,Xi) 
= 0. 
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Furthermore, by using that u is perpendicular to X2 and that Xi is Kilhng, we find 

{[Xi,u],X2) = {Vx,U,X2) - {VuXi,X2) 

= -{u,Vx,X2) + {Vx^Xi,u) 

= -([Xi,X2],u) =0. 

Finally, since ||it|| = 1 and Xi is Killing, 

([Xi,ulu) = {Vx^u,u) - {VuXi,u) = 0. 

We conclude that [Xi, u] — 0. Analogously, we can prove that [X2, m] = 0. 

Now consider an integral surface of the distribution spanned by u and Xi. Of 
course, this surface is nowhere tangent or orthogonal to ^ = Xi + X2- We shall 
prove that it is totally geodesic. It is sufficient to verify that V„u, V„Xi and 
Vxi^i are all perpendicular to X2. Using Koszul's formula and the facts that 
[Xi,X2] = [Xi,u] = [X2,u] = 0, {Xi,X2) = {Xj,u) = {X2,u) = and {u,u) = 1, 
gives immediately that (V„u,X2) = and (V„Xi,X2) = 0. Finally, using the 
facts that Xi and X2 are orthogonal and that X2 is Killing, gives (Vxi-^i, -^^2) ~ 
-{X^,Vx,X2)=0. □ 

Remark 5. For later use, we note that in the coordinates where the metric takes 
the given form in case (iii) we have from the proof of the theorem: dx = JT/\\T\\, 
dy = T, cos6'(a;) = {^,N) and ||T|| = sin6'(x). 

We now study further the case (3) in Theorem [2l We are able to determine all 
the totally geodesic surfaces of M in a neighborhood of p in this case. We will need 
the following result which can be verified by straightforward computations. 

Proposition 4. The Levi-Civita connection of the metric g defined in local coor- 
dinates (x, y, z) by 

(8) g = dx'^ + sin^ 0{x)dy^ + cos^ 6{x)dz'^, 

is given by 

^ajx = 0, Va^dy = cotee'dy, ^a^d, = -tan00'9„ 

Vaydy — — cos 9 sin 69' dx, ^aydz = 0, Vg^c^x = cosSsin^^'c^a,, 

Setting ^ = dy + dz, it follows that VxS, — —9'{x){X x ^) for any tangent vector X, 
where x stands for the cross product associated with the orientation given by the 
chart {x,y,z). Moreover, the scalar curvature of the manifold is {9')^ — Acot{29)9" . 

Our second main result in this section decribes the totally geodesic surfaces in 
M in case (3) in Theorem [2] It characterizes in particular the flat and spheri- 
cal metrics. It can be compared to a result of E. Cartan (see [2^ p. 233). In the 
three-dimensional case, Cartan's theorem asserts a three-dimensional Riemannian 
manifold with a totally geodesic surface passing through any point with any speci- 
fied plane as tangent plane must be a space form. When the manifold admits a unit 
Killing field, our result says that the existence of very few totally geodesic surfaces 
suffices to characterize the space forms of non-negative curvature. 
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Theorem 3. Let M he a Riemannian three-manifold carrying a unit Killing field 
^ and let p G M . Suppose there is a totally geodesic surface Si passing through p 
which is neither orthogonal nor tangent to ^ at p. Then: 

(1) There is a second totally geodesic surface passing through p which is orthog- 
onal to Si. 

(2) // there exists a third totally geodesic surface through p which is not tangent 
to ^ at p, then M has constant non-negative sectional curvature in a neigh- 
borhood of p and thus is around p isometric to an open subset of the sphere 
S'^ with a metric of constant curvature or to an open set of the Euclidean 
space R"^. 

(3) // M does not have constant positive curvature near p, then there exists a 
totally geodesic surface through p which is tangent to ^ at p if and only if 

Tip) = 0. 

Proof. From case (3) in Theorem [5] we can find local coordinates (x, y, z) in a 
neighborhood W ofp where the metric takes the form ([8]), the point p corresponding 
to the origin. Restricting Si if necessay we can assume that Si is given by the 
equation z = 0. 

(1) From the above local expression ([8|) for the metric we see that the surface 
So, defined by the equation y = 0, is totally geodesic and is orthogonal to Si. 

(2) Suppose there is a third totally geodesic surface S2 containing p which is not 
tangent to ^ at p. 

We first treat the case when S2 is not orthogonal to f at p. We will show that the 
function r is constant in a neighborhood of p. This will conclude the proof as this 
means that, in the coordinates introduced above, 0{x) = ax-\- (3 for some constants 
a and /3. If a = 0, the metric g is flat. If a ^ 0, then it is straightforward to check 
that g has constant sectional curvature . 

We still denote by S2 the component of nS2 containing p. Restricting W and 
replacing S2 by an open subset of it if necessary, we can assume the intersection 
Si n S2 is connected. For i = 1, 2, denote by Ni a unit normal to S^. As before we 
introduce the vector field Ti tangent to S^ and the real valued function Vi on S^ by 
the orthogonal decomposition 

We again use the same notations to denote the extensions of Ni , Ti and Vi to W 
using the flow of ^. Note that along Si nS2 the vectors A^i and N2 are independent, 
so, up to restricting W if necessary, we can assume that their extensions are also 
pointwise independent. In the same way, as Si and S2 are distinct, Ti and T2 are 
independent along Si n S2 and we can assume their extensions are independent in 
W. 

Suppose that ^, Ti and T2 are linearly independent in an open set U <Z W. It 
follows from Proposition |4] and Remark [5] that r does not depend on Ti, that is, 
Ti(t) = 0. In the same way T2(r) = 0. As ^(r) — 0, see Lemma[2l we conclude that 
gradr = in [/, where grad denotes the gradient on M. 

Suppose now that ^, Ti and T2 are (pointwise) linearly dependent in some con- 
nected open set V d W. Let 5* denote the surface tangent to the distribution 
spanned by ^ and Ti which passes through p. From the expression of the metric 
dH) obtained in Theorem [2] using the surface Si, we see that the coordinate x is 
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the signed distance function to the surface S. As we are assuming ^, Ti and T2 are 
dependent in V, we conclude that we obtain the same coordinate function x when 
we use E2 in Theorem [51 The Killing fields Ti and T2 are tangent to the integral 
surfaces of the distribution spanned by ^ and Ti, that is, the level surfaces of the 
coordinate function x, and so are Killing fields on each of them. Moreover their 
norms depend only on x (see Remark [5|). For each x, the level surface correspond- 
ing to X is flat, that is, locally euclidean. The Killing fields ^, Ti and T2 on such a 
surface correspond to constant fields under an isomctry with an open subset of the 
Euclidean plane since they have constant norms. Therefore we have in y a relation 
of the form 

^ = ai{x)Ti + a2{x)T2. 

We next show that the functions ai and 012 are actually constant. 
As ^, Ti and T2 are Killing fields, we have for any vector field Y: 

a[{x){T^,Y) + a'2{x){T2,Y) + Y{ai){Tud^) + Y{a2){T2,d^) - 0. 

Taking successively Y — Ti and Y = T2Vic get 

{a\[x)Ti + a'^{x)T2,Ti) = {a\{x)Ti + a'^{x)T2,T2) = 0. 

Since Ti and T2 are independent, we conclude that a'i{x) — oi'2{x) = 0, that is, 
ai and a2 are constants. 

Replacing Ti by 1^ — ViNi^ for i = 1, 2, in the decomposition ^ — aiTi + q;2T'2 we 
get 

(9) C lit^iNi + 72i^2A^2, 
where 7^ = ai/{ai +02 — = 1,2. We have: 

^dA = llv[{x)Ni + 72i^2(2^)^2. 

As Vi = cos9i{x), we have v[{x) — -~6[{x) sm6i{x) ~ Tsm6i{x), i = 1,2. So 

^dj = t{7i sin0i(a;)7Vi +72sin6i2(2;)7V2}. 
Taking the inner product of both sides with ^ we obtain: 

r{7i sin6'i(a;)i^i + 72 sin6'2(a;)fc'2} =0. 

That is, 

t{7i sin 26*1 (x) + 72 sin 26*2(2;)} = 0. 
Suppose T does not vanish in some open set Vq C V. Then on Vq : 

(10) 7isin26'i(x) +72sin26l2(a;) 0. 
Taking the derivative we get: 

(11) 71 cos 26*1 (a;) +72 cos 26*2 (x) = 0. 

By ([9]), (71,72) 7^ (0,0), so the determinant of the system in the unknowns 71 and 
72 formed by equations (fTO| and (fTTj) has to vanish, that is, 

sin2(6'2(x) -9i{x)) = 0. 

However, the quantity 62{x) — 9i{x), which is a constant since 0'i{x) = — t = 9'2{x), 
is neither equal to nor to ±7r/2. Indeed, otherwise this would imply that E2 locally 
coincides with Si or Eq, but this contradicts the assumption that E2 is a totally 
geodesic surface through p, different from Eg and Ei. Consequently r = in K 
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Summarizing we have shown that gradr = on an open dense set in a neigh- 
borhood of p in . Therefore r is constant near p. This concludes the proof of (2) 
when Y,2 is not orthogonal to ^ at p. 

Suppose now that E2 is orthogonal to ^ at p. Let So C S2 denote the subset 
where S2 is not orthogonal to ^. By the above argument, the function r is locally 
constant on Sq. Suppose now that S2 is orthogonal to ^ in an open set 5*1 C S2. 
So ^ is the unit normal to E2 on S'l. As E2 is totally geodesic, by the formula in 
Lemma m we have r = on S'l. Consequently, denoting by grad^^ the gradient on 
S2, we have grad^^r = on an open dense subset of E2 and so t is constant on 
S2. As ^ is transversal to E2 and ^(t) — 0, we conclude again that r is constant in 
a neighborhood of p in . This concludes the proof of (2). 

(3) Suppose r(p) — 0, that is, ^'(0) = 0. Then from Proposition 2] the surface 
given by a; = is totally geodesic. Conversely, suppose there is a connected totally 
geodesic surface S through p which is tangent to ^ at p. We may assume E is 
contained in the coordinate neighborhood where the metric on M takes the form ^ . 
By the same arguments as in (2), we get that r is constant on any connected open 
subset of E where ^ is not tangent to E. Moreover r vanishes on any open subset 
of E where ^ is tangent to E (see the proof of (2) in Theorem [2]). As previously, we 
conclude that r is constant on E. 

Denote by tt the projection on the x— axis. We consider three cases: 

- First case: I := 7r(E) contains an open interval containing 0. It follows that r 
(which depends only on x) is constant in a neighborhood of p. So M is, near p, flat 
or has constant positive curvature. The second possibility is excluded by hypothesis 
and consequently t is identically zero near p. 

- Second case: I = {0}, that is, E C {x = 0}. From the equations in Proposition 
EJ we see that the surface {x = 0} is totally geodesic if and only if d'{0) — 0, that 
is, if and only if t(p) = 0. 

- Third case: 7r(E) C [0,+oo) or 7r(E) C (— oo,0]. This means the surface E is 
on one side of the surface {x = 0}. The extrinsic curvature of the surface {a; = 0} 
is Kext = —(^'(0))^ = — t(p)^ as is seen from Propositions) It is therefore a saddle 
surface if t{p) 7^ and we are led in this case to a contradiction since it is a general 
fact that a totally geodesic surface tangent to a saddle surface at a point cannot lie 
on one side of it near the tangency point. So necessarily t{p) — 0. □ 

5. Properties of the three-spaces 

In this section we shall discuss some properties of three-dimensional spaces 
with a unit Killing field ^ that admit totally geodesic surfaces which are neither 
orthogonal nor tangent to ^. From Theorem[2]we know that such a manifold locally 
admits a metric of type 

(12) g ^dx'^ + sin^ 0{x)dy^ + cos^ 0{x)dz^, 

with ^ — dy + dz- 

The following result, which can be checked through straightforward computa- 
tions, states that these three-spaces admit Riemannian submersions onto a surface 
with a Killing field. 



14 



R. SOUAM AND J. VAN DER VEKEN 



Proposition 5. Given as above, consider a surface IvP with local coordinates 
(u, v) and metric 

du^ + ^sm^{2e{u))dv^. 

Then the mapping tt : — > : (x, y, z) i-> (u, v) = {x,y — z) is a Riemannian 
submersion whose fibers are integral curves of the unit Killing field ^ dy + dz- 
Remark that the Gaussian curvature of is K — 4(0')^ — 2coi{29)9" . 

Let us now study some global properties of . In particular we want to inves- 
tigate which manifolds admit a smooth metric which, in local coordinates, is given 

by (na). 

We will first recall two lemmas from [8 on a class of more general doubly warped 
products 

(13) (/ X §P X S«, dx' + '/5'(x)5sP + i^'(a:)<7s,), 

where / C M is an open interval and gsp and gsq are the standard Riemannian 

metrics on and S'. 

Lemma 3 (18J). If (p : (0,6) — > (0, oo) is smooth and ^p{Q) = 0, then the metric 
m ([T3D is smooth at x ^ if and only i/ (0) = 0, ip' (0) = 1, tp{0) > and 
^(odd)^Q) ^ 0. In this case, the topology near x ^ is x 

Lemma 4 (8). If tp : (0,6) — > (0, cx)) is smooth and ip(b) — 0, then the metric in 
((T5|) is smooth at x ^ b if and only if ip^'''"''''\b) = 0, Lp' {b) = -I, ij{b) > and 
(}}) — 0. In this case, the topology near x = b is also MP^^ x S"*. 

These results allow us to prove that a smooth metric of type (fT2)) exists on the 
simply connected manifolds S'^, §^ x M and K.-^. 

Proposition 6. If : [0, b] M. is a smooth function such that 9^^{0} — {0} and 
d^^{n/2} — {b}, then the metric (|12p defines a smooth metric on if and only if 
0'{O) = 61' (6) = 1 and 6l(2fc)(0) = 6l(2fe)(6) = for any positive integer k. 

Proof. It follows from the assumptions on 9 that 6'(0, 6) = (0,7r/2). Hence, the 
functions p = sn\9 and tp = cos 9 are strictly positive on (0,6). Lemma [3] and 
Lemma m yield that (|12l) then gives rise to a smooth metric on §^ if and only if the 
conditions of Lemma |3] are satisfied at a; = and the conditions of Lemma |4] are 
satisfied at x = 6, with the roles of p) and ip interchanged. 

It is easy to see that the condition p'{Q) = 1 is equivalent to ^'(0) ~ 1 and that 
■0(0) > is automatically satisfied. Similarly V''(^) = ^1 if ^'^'^ only if 9'{b) = 1 
and p{b) > is automatically satisfied. The remaining conditions arc thus 

(p(™™)(0) = 0, = 0, V'^™'"^(&) = 0, p^°'^'^\b) = 0. 

After a computation and using that 9'{Q) = 9' (b) ~ 1, one sees that these conditions 
are equivalent to 9^'^^^ (0) = 9^^^^ (6) = for any integer fc > 0. □ 

Remark 6. The function 9{x) ~ x satisfies the conditions given in Proposition |6l 
In this case, the metric (|12l) corresponds to the standard metric on S"^ and the 
Riemannian submersion of Proposition [5] is the classical Hopf fibration. 

Proposition 7. If 9 : [0, 6] — > [0, oo) is a smooth function such that 9^^{0} = {0, 6} 
and 9~^{tt/2} = 0, then the metric (jl2p defines a smooth metric o?^ x M if and 
only if 9'{0) = —9'{b) = 1 and 9^'^''\0) = 9^'^^\b) = for any non-negative integer 
k. 
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Proof. Remark that the functions (p = sin 6 and ip ~ cos 6 are positive on (0,6). 
Hence, ([T2l) defines a smooth metric on §^ x R if and only if the conditions of 
Lemma [3] and Lemma 3] are satisfied. We can now proceed in an analogous way as 
in the proof of Proposition |6] to obtain the result. □ 

Proposition 8. If 6 : R ^ R is a smooth function such that 9^^{k7r \ k £ Z} = 
d^^{TT/2 + fcTT I fc G Z} = 0, then (fT2|l defines a smooth metric on M.^ , which is 
moreover complete. 

Proof. It is clear that the metric is smooth under the given assumptions. To prove 
completeness, we may assume that 9{x) G (0, 7r/2) for all a: G R. Now let 7 : 
[0, T) — : t (71 (i), 72(^1 73(*)) be a curve which diverges to infinity, i.e., such 
that 71 (i)^ +72(i)^ +73(i)^ tends to infinity if t tends to T. We have to prove that 
the length of this curve with respect to the metric p^ . 

i(7)= rV(7l(t))^ + sin^(^(7iW))(7^W)^+cos2(^?(7i(t)))(7^(t))2di, 
Jo 

is infinite. Therefore, we consider two cases. 

First, assume that 71 is unbounded. In this case, we have 

m> C \imdt > lim|7i(i)-7i(0)| = ^. 
Jo 

Next, assume that 71 is bounded. In that case the function 9{'~fi{t)) is bounded 
away from and tt/2 and hence there exists a real constant c > such that 
sin(6'(7i(s))) > c and cos(0(7i(s))) > c. This implies that 

Hi) > c£ ^{i2{t)Y + mt)Ydt = 00. 

The last equality is due to the fact that the integral appearing on the left hand 
side is the Euclidean length of the projection of the curve 7 onto the (y, z)-plane. 
Since 7 diverges to infinity but 71 is bounded, this projection must have infinite 
length. □ 

It is possible to check, using for instance our Theorem |3l that in the examples of 
Proposition 6 and Proposition 7, through the points where x = Q ov x = h, there is 
no totally geodesic surface which is not tangent to the unit Killing field unless the 
function 6' is constant in a neighborhood of a; = and x = b, respectively. This is 
not a mere coincidence. We actually have the following global result. 

Theorem 4. Let M be a connected and simply connected complete Riemannian 
three-manifold carrying a unit Killing field ^. Suppose that: 

(1) no open subset of M has constant non-negative curvature, 

(2) through each point of M there passes a totally geodesic surface which is 
neither orthogonal nor tangent to ^. 

Then M is isometric to M.^ endowed with the metric: 

ds^ = dx'^ + sin^ 0{x)dy'^ + cos^ 9{x)dz'^, 

where : M — > (0,7r/2) is a smooth function whose derivative 9' is not constant on 
any interval. Moreover = dy + d^. 
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Proof. Let po be a fixed point in M. By Theorems [2] and [3l ^ admits an orthogonal 
decomposition, £^ — Xi + X2, in a neighborhood of po, where Xi and X2 are 
two Kilhng fields which commute and have no zeros. Moreover this decomposition 
is unique up to ordering of Xi and X2. By the same theorems, given any point 
p M and any continuous path 7 joining po to p, we can extend continuously this 
decomposition along 7 till the point p. As M is simply connected, by a standard 
monodromy argument, the decomposition we obtain at p is independent on the 
choice of the path 7. We get in this way a global orthogonal decomposition ^ — 
Xi +X2, where Xi and X2 are now global smooth Killing vector fields on M which 
commute and have no zeros. 

Denote by m a unit vector field on M orthogonal to Xi and X2- Such a global 
smooth vector field exists since M is orientable. From the proof of (3)-(ii) of The- 
orem [21 we know that the distribution spanned by u and Xi is integrablc and its 
integral surfaces are totally geodesic. Therefore the manifold M admits a foliation 

by totally geodesic surfaces. Let J-"-*- be the orthogonal foliation, that is, the 
foliation by the orbits of X2. By a result of Carriere and Ghys [4 , (T^T-^) is a 
product. This means there is a diffeomorphism between M and the product E x M, 
where S is any fixed leaf of sending the leaves of to E x {*} and those of 
to {*} X M. Denote by z the coordinate on the M factor. Under this diffeomorphism, 
the vector field X2 therefore corresponds to the field f{z)dz for some function /. 
So, up to reparameterizing the M factor, we can assume that X2 correponds to the 
field dz ■ It is clear that S is simply connected and is therefore, topologically, either 
a plane or a sphere. Xi is vector field on E which has no zeros, so S is topologically 
a plane. It is moreover not difficult to check that E is complete. 

Fix an orientation on E and denote by J the rotation over 90 degrees in TE. As 
in the proof of (3) of Theorem [2l we consider on E the fields Xi and JXi which 
commute, [Xi, JXi] = 0, and are complete since they have bounded norms and E 
is complete. It follows that we can find a global chart for E with domain and 
dx — JXi and dy ~ Xi for the standard coordinates {x,y) on R^. We include a 
proof of this fact for completeness. Let {4>x)x(£r ^^id (V'i/)j,gR be the flows of JXi 
and ATi, respectively. Consider the mapping: 

{x, ?/) G ^ F(x, y) = {<j>x o ^y){po) G E. 

is a local diffeomorphism with {dF){dx) = JXi and {dF){dy) — Xi. We will 
show it is a global diffeomeorphism, this will provide the global chart we want. 

- F is one-to-one: by contradiction, suppose (a;i,yi) and (0:2,2/2) are distinct 
points in with F{xi,yi) = F{x2,y2)- Assume that xi = X2 and yi ^ y2, 
then the orbit of Xi through (px^ (po) will be closed and will bound a disk in E 
inside which necessarily Xi will have a zero, which is a contradiction. The case 
xi ^ X2 and yi ~ 2/2 is similar. Assume now that xi ^ X2 and yi ^ y2- Set 
Pi = {4>xi o '4'vi)iPa) = {4'x2 ° 4'y2){Po)- The orbit of JXi through po and the orbit 
of Xi through pi intersect at two distinct points, namely (pxAvo) and (j^x^iPo)- 
However an orbit of JXi can intersect an orbit of Xi at most once. Indeed let 71 
and 72 be orbits of Xi and JXi, respectively. Assume they intersect more than 
once. Then there will be a bounded disk in E with boundary the union of an 
arc ai C 71 and an arc a2 C 72 with common endpoints p and q. We assume that 
along Q!2, the field Xi points into 17. The case when Xi points outside 17 can be 
treated in a similar way. Consider any point qi on a2 distinct from p and q. The 
half orbit (3 := {^t(9i),^ > 0} of Xi starting from qi will be entirely contained 
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in il. It follows from the Poincare-Bendixon theorem, see for instance 5 , that the 
accumulation set of /3 must contain a zero or a closed orbit of Xi , which is again a 
contradiction. 

-F is onto: since F is a local diffeomorphism, the image F(M^) is open in S, so 
to conclude it is enough to see that it is closed. Let (a;„,j/„),n G N, be a sequence 
of points in with F(xn, Vn) — > Poo £ S as n — oo. For e > small enough, the 
mapping (x, y) € (— e, e) x (— e, e) {(f>x °ipy)iPoo) G S is an embedding with image 
an open neighborhood V of poo- For n fixed and big enough, we have F{xn,yn) G V 
and so there is {x, y) £ (— e, e) x (— e, e) such that {4>x ° V'j/)(Poo) — {4>xn ° V'a„)(Po)- 
Therefore Poo = (f^x^-x ° i^y^-yiPo) lies in i^(R^). 

In the global coordinates {x, y, z), like in the proof of (3) in Theorem [2] and with 
the same notations, the metric on M writes: 

ds^ = (1 - i^{xf){dx^ + dy^) + v{xfdz^, 

where v{x) — ||^2||^ is a function of x alone. We now make the change of coordinate 
x(x) — J \/l — v{xYdx. By the completeness of the metric the function 5: is a 
bijection from M onto R. Setting v{x) = cos 0{x) for some smooth function 6* : M ^ 
(0, 7r/2), the metric writes in the global coordinates (x, y, z) : 

ds^ = dx'^ + sin^ d{x)dy^ + cos^ 9{x)dz^. 

The condition (1) in the statement means precisely that 9' is not constant on any 
interval (see the proof of (2) in Theorem □ 
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